ON LUSTERNIK-SCHNIRELMANN CATEGORY OF SO(10) 



N. IWASE, K. KIKUCHI AND T. MIYAUCHI 



Abstract. Let G be a compact connected Lie group and p : E — > 5M(A = 
XMo) a principal G-bundle with a characteristic map a : A — » G. We assume 
that there is a cone-decomposition {ifi — > — > F,; | 1 < z < n, Fq = 
{*} and i 7 ^ ~ X} of G of length m. Our main theorem is as follows: we 
have cat (A) < m + 1, if the characteristic map a is compressible into F\ 
and the Berstein-Hilton Hopf invariant Hi(a) = G [A, Qi^O-Fi]. We also 
apply it to the principal bundle SO(9) =— > SO(10) — + S* 9 to determine the L-S 
category of SO(10). 



1. Introduction 

In this paper, we work in the category of pointed CW-complex and don't 
distinguish a map from its homotopy class to make the arguments simpler. The 
Lusternik-Schnirelmann category of a space X is the least integer n such that 
there exists an open covering Uq, . . . U n of X with each C/j contractible in the 
space X. We denote this by cat(X) = n and if no such integer exists, we write 
cat(X) = oo. 

Theorem 1.1 (Ganea [3]). Let X be a connected space. Then there is a sequence 
of fibrations F n X — > G n X — > X, natural with respect to X so that cat(X) < n 
if and only if the fibration G n X — > X has a cross-section. 

Here, F n X has the homotopy type of E n+1 VlX = the (n+l)-fold join 

of QX and G n X has the homotopy type of the f2X-projective n-space P n QX 
in the sense of Stasheff [12] equipped with the composition e% '■ P n VtX 
P°°QX ~ X, where e^" is given by the evaluation map (see also [1]). 

Let R be a commutative ring and X a connected space. The cup-length of 
X with coefficients in R is the least non-negative integer k (or oo) such that 
all (k + l)-fold cup products vanish in the reduced cohomology H*(X; R). We 
denote this integer k by cup(X; R) following Iwase [6]. 

In 1967, Ganea introduced in [3] a homotopy invariant Cat(X) for a space 
X, modifying Fox's strong category. In the same paper, he gave the following 
characterization using the notion of a cone-decomposition. 

Definition 1.2 (Ganea [3]). The strong category Cat(X) of a connected space 
X is if X is contractible and, otherwise, is equal to the least positive integer n 
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such that there are cofibration sequences (called a cone-decomposition of length 
m) 

{Ki -^Fi-^Fi | 1 < i < n, F = {*} and F n ~ X}, 
which is often called the cone-length of X. 

The following inequalities among these invariants are well-known 

cup(X;P) < cat(X) < Cat(X). 

Let / : EX -> YY be a map. We denote H x (f) G [SX, fiSF by the 
Berstein-Hilton Hopf invariant (see Berstein and Hilton pQ). 

The purpose of this paper is to prove the following theorem. Let G be a 
connected compact Lie group with a cone-decomposition of length m, that is, 
there are cofibration sequences 

{K t - - Fi 1 1 < i < m} 

with Fq = * and F m ~ G. Let G ■=— > £/ — > SA(A = SAo) be a principal bundle 
with a characteristic map a : A — > G. The following is our main result. 

Theorem 1.3. If a is compressible into F\, H\(ot) = G [A, QFx*QFi] and K m 
is a sphere, then we obtain caX{E) < m+ 1. 

In some application, we need to weaken the hypothesis slightly: suppose that 
there exists a space F[ = Y,K[ with K[ C K±. Under the condition, the above 
theorem is extended as the following form. 

Theorem 1.4. If a is compressible into F[, H\(ot) = and K m is a sphere, 
then we obtain cat (£7) < m + 1. 

This yields, we obtain the following result. 

Theorem EUJ cat(SO(10)) = 21. 

In Section [2] and [3], we construct a structure map and a cone-decomposition 
of some spaces which play the vital role in the proof of the main theorems. In 
Section HI we show the important relation between a structure map and a cone- 
decomposition which are constructed in Section [2] and [SJ In Section El we prove 
Theorem 11.41 In Section El we show some applications of Theorem 11.41 

2. Structure map associated with a filtration 

Definition 2.1. The filtered space X is the space X equipped with a sequence 
of subspaces, 

X D • • • D X n D X n _i D • • • D {*}. 
We denote n : X m — > X„ by the inclusion map for m < n. 

Definition 2.2. Suppose that the space X and Y are filtered by {X n } and 
{Y n }, respectively. A filtered map / : X — > K is a filtration-preserving map, 
that is, f(X n ) C y„ for all n. 

We denote by the map E m VtX -> P m - 1 fiX in Theorem O and : 
P m fiX — > P n fiX by the inclusion map for m < n. 



ON LUSTERNIK-SCHNIRELMANN CATEGORY OF SO(10) 



3 



Proposition 2.3. Let X and Y be filtered by {X n } and {Y n }, respectively and a 
map f : X — > Y be a filtered map. If the filtration of X is a cone- decomposition 

of X, say {Li X, 



i_i — — Xi\l < i < n}, then there exist families of maps 
{fi : Xi -> PWi | < % < n} and { 9i : L< -> EPSlYi | 1 < % < m} such that {/J 
and {gi} satisfy the following conditions. 

(1) The following diagram is commutative. 



9t 



Xi-i 

fi-1 



Xi 



l — L.X 



E^Y 



P^ttY, 



PWi. 



(2) e?o fl = f\ Xi 



Proof. We prove the proposition by induction on i. In the case of i — 1, we put 
<7i = ad(/|xi), fo = *, and f\ = Ead(/|xi), respectively. Then the following 
diagram commutes. 

L\ * *- SLi 



9i 



fo 



h 

Y£lYi. 



Therefore, the condition (1) is satisfied when % — 1. Also the condition (2) holds 
from the following equation. For t Ax G ELi, 

ef 1 o /i(t A x) = ev o Ead(/| Xl )(f A x) 
= ev(tAl!ad(/|x 1 )(a;)) 
= ad(/U 1 )(x)(0 
= (/!*)(* As). 

Suppose (1) and (2) hold when i = fc — 1. First, we construct g\~: Lk — > _E fc f2Yfc 
from the exact sequence: 



We use the equation 



l fc-i,fc 



°/U fc °*fc-i,fc 



and iftLi fc ° hk-i = by L fc >■ X fe _! ^ X fe is the cofibre sequence. So, 

we have e^'l 1 ^(P k ~ 1 nil_ lk o / fe _ 1 o /i fc _x) = G [-L fe ,Y" fe ] and there exists a map 
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g k : L k -> E k QY k such that p fc \(g k ) = P ^l-hk ° fk-i ° h k-i- Second, 
construct a map f k : X k — > P^Y^. We define : X k — > P fc f2Yfc as follows: 

# = P*" 1 ™^ o U Cfo) 

which makes the right square of the following diagram commutative: 



we 



{Ik 



X k -i — 

fk-1 



Xk 



E k ttY k 



Pk 



P k - l VLY k 



L k-l,k 



fk 



p k nr k . 



By definition, f' k satisfies the equation, 

(2.1) (/* V Eg k ) °v k = 9 k o ft, 

where u k : X k — > X k \/Y,L k and v k : P k VtY k — > P k QY k VY,E k QY k are the canonical 



copairings. In the exact sequence [Xfc_i,Y&] * 
have the equation, 



'k-l,k 



[X k , Y k 



T,L k} Y k ], we 



i k~i,k*( e l k ° fk) = e l k °fk° ik-i,k 



= e Y k k o($%oP k ~^l_ lk of k _ 1 ) 
= eli, o P k -^ Y k _ ltk o 

= f\x k °ik~l,k 

— h-i,k (f\x k )- 

By Theorem B. 10 of [2], there exists a map S' k : SL^ — > Y k such that 

/k = Vv k o (ef o # V ($£) o „ fc . 
Let us consider the following exact sequence, 



[L k , VtP k ~ 1 VLY k 



ad 



[EL fc ,P fc -W ? 



& k-l» 



ad 

[SL fc ,n]. 



A, 
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Since fie^* i has a section, there exists a map 5 k '■ SL fc — > P k ~ l VtY k such that 
5 k = e^i ° 8k- Therefore we have the following equation: 

f\x h = Vy fe o (el k o f' k V el k _ x o S k ) o v k 

= v n- ° ( e ? ° /* v e l k ° L k-i,k ° S k) ° v k 
= Vy t o(e['Ve[>(/;vf^o4)o, fc 

= e^ fc o V P k QYk o (/£ V t%\ k o 4) o ^- 



We define a map by a map Vp*.^ o (f' k V fc fc _* k oif t )o zft, then f k satisfies 
the condition of (2). Since v k is the copairing, we have the equations 

W\ °"k° i k -x,k = id x k o i^_ 1>k = i£_ ltk and pr 2 ov k o i*_ lk = qo i£_ 1>fc = 0, 

where pr\ : X k V EL^ — > X k and pr 2 : X k V EL& — ■> TiL k are the first and second 
projections, respectively. Hence we obtain the equation 

/* ° «fe-l,fc = V P ^y fc o (/£ V 43, fc o 4) o I/ fc o zf_ l fe 



.A- 



o % 



k-l,k 



- L k-i,k°^ '"fc-i.it ° Jfc-i- 
It follows that /fe satisfies the condition of (1), too. □ 

Let {/j : Xi -> TOF* | < i < and {ft : L, -> | 1 < i < m} be 

the map obtained from the filtered map / : X — > Y by Proposition 12.31 We 
denote i/< : X; -> X; V EL* and P< : P^Yj -> F*^ V SP/fil^ by the canonical 
copairings. 

Proposition 2.4. If the complex Li be a co-H-space, then the following diagram 
is commutative. 

Xi > X k V ELj 



fi 



fiVSgi 



P l QYi — ^ ptQYi V EPW;. 

Proof. By the definition of /j, and by the relation between the composition and 
the wedge of maps, we have 

(fi V Eft) o ^ = {(V P o (/; V t™li o o f<) V Eft} o Vi 

= {Vp o (fl V i,^ o 5,) V Eft} o ( Ui V id SL J o Vi 

= (Vp V idp) o (/; V i t °*,i o $ V Eft) o V idjyj o v u 

where Vp = Vpi^y. and idp = id S piQy.. Since Lj is the co-H-space, we have the 
equations 

Vi = T o Vi and (u { V id EL J o v { = (id x , V ft) o 
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where ft : ELj — > ELj V ELj is the co-multiplication and T : ELj V ELj — > 
SLj V SLj is the commutative map. So we can proceed as follows: 

(fi V Eft) ovi= (V P V ids) o (/; V o Si V Eft) o (id x , V ft) o ^ 

= (V P V ids) o (f> V ^ o 5i V Eft) o (id Xi VTouJo ^ 

= (Vp V id £ ) o {// V T' o (Eft V t£3,i o o (id Xi V ft) o ^ 

= (VpVid i; )o(/;vT / ) 

o {id Xi V (Eft V %\ o5i)}o (id Xi V ft) o Vi 
= (V P Vids) o (idpVT') 

o (// V Eft V L^{ - o Si) o V id SL J o Vi 
= (Vp V id s ) o (idp V T') o {(/; V Eft) oViV L^{. o 5i} o ^, 

where V : EPW; V -> P^Fj V EPW; is the commutative map and 

id P = idpiQy.. By the equation (12.11) . we proceed further as follows: 

(fi V Eft) o Vi = (Vp V ids) o (idp V T') o {(Pi o f[ V o St} o i/j 
= (Vp V ids) o (idp V T') o (z7, V o (/; V 5,) o Vi 

= (Vp V V E s^yJ o (ids VT'V ids) 

o (P 4 V ^) o (idp V o (// V Si) o i/ 4 

= Vi o Vp o (// V ^ o 5,) o ft 

□ 

3. Cone-Decomposition associated with projective spaces 

We denote the fc-skeleton of a space X by (X)^ and the restriction of / : 
X on (X)W by (/)( fc ). By the fact that (f)^ is compressible into (F)( fc \ 
we use the same symbol (f)^ : (X)^ — ► (Y")( fc ). And if the dimension of X is 
less than or equal to n, then we use the same symbol / : X — > (F)( n ), too. 

Let G be a compact Lie group with a cone-decomposition of length m, that 
is, there are cofibration sequences 

(3.1) {Ki ^ Fi^ ^ F 1 1 < i < m}, 

with Fq = * and F m ~ G. Let / be the dimension of Lie group G. 

Lemma 3.1. Suppose that the complex K m is the sphere S^ 1 and £ > 3, m > 3. 
Then there is a cofibre sequence as follows: 

(E m nF m _!f-V vKm ^ (P^QF^f) - (P m QF m f\ 

Proof. First, we determine the homotopy type of the (£— l)-skeleton of the ho- 
motopy fibre of the map P" 1 " 1 ^.^ : P m " 1 fiP m _i -> P m - 1 fiP m . Let £ be 
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the homotopy fibre of P m 1 Qi^ n __ lm , we consider the following commutative 



m— l,m> 

diagram with rows and columns as fibrations: 



Q(E m QF m , E m QF m _i] 



^ ( Fm i F'm— 1 ) 



E m QK 



m—l 



ym— 1 



QE 



E m m F , 

m — l,m 



m—l 



E m VtF n 



m — l,m 
m — l 



m 



m—l 



Since (F m ,F m _i) is (£ — l)-connected, (f2F m , QE m _i) is — 2)-connected and 
(E m QE m , E m VLF m _i) is (£ + m - 3)-connected. Hence Q(E m QF m , E m VLF m _i) is 
{t + m — 4)-connected. By the Serre exact sequence 

H2£+ m -b(P'{.E m VLF m} E m VtF m _i)) H k {VL(E m VtF m} E m VLF m _i)) — > 

-£4(#) — >■ H k {Vt(F m} F m _i)) — > H k _ 1 {Vl(E' m VLF m} E m Q,F m -\)) 

we obtain that H k ($) is isomorphic to H k (Q(F m , F m _i)) for A; < £ < £ + m — 3, 
and hence that 5 is 2)-connected, £ > 3. On the other hand, by the Blakers- 
Massey's theorem, we have 7T/(F m ,F m _i) = ni(S l ), and hence we obtain 

7r*_i(n(F m ,F m _i)) = TTj^F^O = 7T,(^) S Z. 

Then by Hurewicz Isomorphism Theorem, we obtain 

= ^-1(0(^,^-1)) = TT^cnCi^.F^)) = z. 

Thus ^ has the homology decomposition as 

J ~ S^ -1 U (Moore cells in dimensions > £). 
By Ganea's fibre-cofibre construction (see Ganea [3]), we obtain a map 

O : F™" 1 ^^! UC^ P m -^F m 
as the homotopy pushout 
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P'^ttF, 



m—l 



HPO 



{*} 



P^QF^ U 



which has the homotopy type of the homotopy pullback of the diagonal 



A : P m - l QF m -> P m - 1 QF m xP m - 1 QF m 



and the inclusion 

P m - 1 QF m _iXP m - 1 QF m UP m - 1 OF m x{*} P^QFrnXP™- 1 ^ 



cS 
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P^OF^x U CT 



4>o 



F m - 1 ilF m ^ 1 xP m - 1 nF„ 
UP m - x QF m x{*} 



HPB 



ym—l 



p m - 1 nF m xP m - 1 nF m . 



(see, for example, H Lemma 2.1] with (X, A) = (P m - 1 QF m , P^QF^), 
(Y, B) = (P m ~ l ttF m , {*}) and Z = P m ~ 1 QF m ). Hence do is given by the 
pullback of the trivial map 

{*}^P™-iQF m xP m - 1 nF m 

and the inclusion 

P m - 1 nF m _ixP w - 1 OF m UP w " 1 fiF m x{*} ^ P m - l VLF m xP m - 1 VLF m 
which has the homotopy type of the pushout 



$xQP m - L QF, 



HPO 



-So- 

(see, for example, pQ Lemma 2.1] with (X, A) = (P m - 1 nF m , P^^F^i), 
(V,P) = (P m - 1 fiP m , {*}) and Z = {*}). Thus the homotopy fibre do of O 
has the homotopy type of the join 5*^P m_1 ^Pm and is (£— l)-connected, and 
hence 0o is ^-connected. Thus we have that 



(p^'of^ow u cs 1 - 1 ~ (p m ^nF n 



We are now ready to show that (P m fiF m _i)W U CS^ 1 ~ (P m flF m )W. Since 
(# w £]F m , £niF m _i) is (£ + m - 3)-connected and m > 3, (£ m fiF r 



m—l 



\(t-l) 



and hence 

(p m fip m _!) w u c^- 1 ~ (p ro ^ 1 nF m _i)W u c(s £ - 1 v (^fip^x)^- 1 )) 

This completes the proof of Lemma 13 . 11 



□ 



Using Lemma EH1 we construct cone-decompositions of F m xFi, (P m VLF m )^ 
and (P m nP m )^x(SfiP 1 )W. 
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First, we construct a cone-decomposition of F m xF\\ Let K™ 1 ' 1 and F™ - ' 1 be 



as follows. 



K 



rriA 



nm.l 



F i x{*}UF i _ 1 xF 1 



for 1 < z < m, 
for < z < m, 



if 



m,l 
m+1 



K m *K x and = F m xFi 



m+l 



where F" an d i^-i are empty sets. We denote a map x% '■ (CKi, Kj) — > (F, 

by the characteristic map. We introduce the relative Whitehead product [xi-i, Xi] 

Ki_x*Ki —>■ F™^ defined as follows: 

= (CK^xKi) U (K^xCK,) 

(Xi-iXXi|if 1 )U(x 1 -i|if i _ 1 xxi) 



m,l 



F™jI be the wedge of maps (incl) o (/ijx{*}) : F.jx{*} 



t i m,l 

Let tt^ ' : A \ 

Fi_iX{*} i^'i and [Xi-i,Xi] r for 1 < z < m, and : K™^ -> F™' 1 be 



^m,l 



-im,l 



[Xm,ids^ 1 ] r - Let if' : Fj 
Then the set of cofibration sequences 



Fi+i be the canonical inclusion for < i < m. 



(3.2) 



m,l i™' 1 

m,l '"j 77>m,l i—l T-i"m,l 
% — 1 i 



1 < i < m + 1} 



is a cone-decomposition of F m xF\ of length m + l. 

Second, we construct a cone-decomposition of (P m VLF m )^ . By lemma I3TT1 we 
obtain a cone-decomposition of (P m VLF m )^ of length m: 



(E 2 VtF m _i) 



i-i) 



t-i) 



{*} (EQF, 



m—l 



(YMF, 



m—l 



(p 2 nF m _ } 



m ~ 1 O.F ! 

J m—l 



(F m f2F, 



m—l . 



-i) v F m -> (r- 1 ^!)^) (P m fiF m )W. 



Third, we construct a cone- decomposition of (P m QF m )^ x (EftFi)W. Let F; 
and F be as follows. 



for 1 < z < m — 1, 



x{*}}V{(F i - 1 fiF m _ 1 



(OF 



} 



F; 



{{(E^F^f-v V ir m }x{*}} v {(E^nF^f-'hinF.f- 1 ^ 

{(£ m fiF m _ 1 )('- 1 'v4}*(^: 



(£-1) 



(pw m „ 1 )Wx{*}u(F- 1 nF m _ 1 ; 



Wx(EnFi)W 



for < i < m — 1, 



(P m fiF m ) w x{*} U (F m - 1 fiF m _ 1 ) (£) x(EfiF 1 ; 



(0 
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and 

F m+1 = r^ m ) (f) x(mfi) w . 

Here F -1 QF m _i and P _1 fiF m _i are empty sets. We denote maps 

for < « < m — 1 and 

X ' m : (CF',F') - ((P^OF^)^ (P^OF^)^ 

by the characteristic maps, where E' = (F m fiF m _i)(^ 1 ) V K m . Let tbi : E { -> 
Fj_x be the wedge of maps 

(znd) o ((p^-^xW) : (FW^O^xH - (P i " 1 fiF m _ 1 )Wx{*} 

^F_! 

and 

[xUx'Y ■ (E i ~ 1 QF m . 1 )^*(nF l f-^ -> F_! 
for 1 < « < m — 1, u) TO : E m — > F m _! be the wedge of maps 
(incZ) o (p'x{*}) : {(F^F^O^ 1 ) V F m }x{*} - (P^QF^f) x{*} 

^ F m _! 

and [x' m -i,x'Y, andw m+1 : F m+1 -> F m be [x m ,x'] r , where p' : (F^OF^O^V 
F m — > (P m_1 fiF m _i)^ is the map p' in Lemma I37T1 We denote i{ : Fj — > Fj+i 
by the canonical inclusion for < z < m. Then the set of cofibration sequences 

(3.3) % F_! ^ Fi 1 1 < i < m + 1} 

is a cone-decomposition of (P m f2F m )^ x (SOFi)^ of length m + 1. 

4. Structure map and cone-decomposition 

Let a cone-decomposition of F m be (13. ip and a fc-filter of F m be Fe, we apply 
this Proposition 12.31 to the identity map idi? m : F m — > F m . From this procedure, 
we obtain the structure maps Oi : Fj — ► P l QFi for 1 < z < m and the maps 
g'j : Kj -> F^F,- for 1 < j < m. We set ^ = ^. : K 3 -> (FW^- 1 ) 
for 1 < j < m - 1 and # m : Fj -> (F^FJ^ 1 ) ~ (F m fiF m _ 1 ) (£_1) 
(E m QF m ^ip e ~ 1 ' V F m the composition g' m and the inclusion map. 

Let z/™' 1 : F™' 1 — > F™' 1 V EF™' 1 and i>k '■ Ft — > Ffc V EF& be the canonical 
copairings for 1 < /c < m + 1. Then, 
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Lemma 4.1. the following diagram is commutative: 



ll 



ml m + l x 

m+l m 



-im,l 
m+l 



m , 1 
"m+l 



^m+l V ^-"-m+l 



9m*g\ 




<T m Xcri 


(T m Xcr 1 V£gm*Sl 











Wm+1 

Efn^-x F n 



F-m+i V Y,E m+ i. 



Here the map a m = <x m x{*} U aVn-iXci- 

To prove this Lemma, it is necessary to show the following equation: 
Lemma 4.2. 



T i ° ((^ m xid Fl ) V id EJf ™,i ) o i/^ j = (z/^; 1 U id SXmXFl ) o (> m xid Fi ; 

m + l 



i/ere z/ m : _F m — > F m V E.K" m is the canonical copairing and T\ : F^\ 1 U Fl 
(TjK m xFi) V T,K™' +1 — > (F™^ V Eif™^) U Fl (EK TO x.Fi) zs the canonical home- 
omorphism. 

Proof. First, we show that the following diagram is commutative: 



(4.1) 



m+l 

m,l 
m+l 



0\u Fl {^K m xF x ) 



V Ei^*^ F™;\ U Fl (EK m xF x ) V EK m *K 1; 

where i/' : Ei^X-Fi = £K m xS.K' 1 — > Ei<C m xElfi V Y,K m *K x is the canonical 
copairing and pi is the map pinching T,K m xF x to one point. This follow from 
Figure [TJ 

Therefore we have 



7\ o ((z/ m xid Fl ) V id SK m i ) o v^+i 



T\ o ((v TO xid Fl ) V id EX m,i jop^ (id F m,i U i/) o (z/ m xid Fl ) 



m+l 



Let us denote p 2 : U Fl (XK m xF x ) U Fl (XK m xF x ) V EiC+i -> F™;\ U Fl 

(SK m xF 1 )VSii'™^ 1 by the map pinching the second T,K m xF x to one point, p 3 : 

iC;\ u Fl ((E^xFO v EiC+i) u Fl (EK m xF x ) -> V EiC+i) u Fl EJC& 

by the map pinching the first Y>K m xFi to one point, vq : TiK m — > EiT m V Ei^ m 
by the canonical co-multiplication and T : Ei^ m V T,K m — > Eif m V EiT m by the 
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F m xF 1 F m {F m xF 1 )U Fl (ZK m xF 1 ) F m V T*K, 




(F m x Fx) V EK^K, (F m x F t ) U Fl (Y>K m x F,) V SX m *Xi 




Figure 1. 

@ 



commutative map. It is easy to check the following: 
T i ° (K*xid Fl ) V id SK m i ) o z/™;\ 

m+1 

= Ti op 2 o ((z/ m xid Fl ) U id Si ^ mXFl V id SKm * Xl ) 
o (idpm.i U i/') o (i/ m xidirj 

m+1 

= Ti o p 2 o (id F m,i U id SA - m xF! U i/) 

o ((v m xid Fl ) U ids^xFj o (z/ m xid Fl ) 
= p 3 o (id F m,i Ui/'U idEx m xFx) o (id F ™,i U (T xid Fl )) 

m + 1 m + 1 

o ((z/ m xid Fl ) U id SXmXFl ) o (z/ m xid Fl ). 
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Using the equations (idp m x u ) o v m = {y m xid Fm ) o v m and T o u = v from the 
assumption that K m is a co-H-space, we have 



T x o ((u m xid Fl ) V idjjjjjjM^ o z/™;\ 

= p 3 o (id F m,i U v' U id EE - mXFl ) o (id F m,i U (T xid Fl )) 

m + 1 m + 1 

o (idpm.i U (u xid Fl )) o (V m xid Fl ) 

m + 1 

= p 3 o (id F m.i U 1/ U id s ^ mXFl ) 

m + 1 

o (idpm.i U (i/oXid^)) o (z/ m xid Fl ) 

m + 1 

= p 3 o (id„m,i U z/ U id s ^ mXFl ) 

m + 1 

o ((v m xid Fl ) U id SjR r mXFl ) o (v m xid Fl ). 
Using the diagram (14.11) . we proceed further as follows: 



T i ° ((^ m xid Fl ) V id SiC m i ) o 



(C+i u ids^ m xFi) o (z/ m xid Fi ; 



This completes the proof of Lemma 14.21 



□ 



Proof of Lemma \4-l\ The commutativity of the left square follows from Propo- 
sition 2.9 of [TT]. It is obvious that the middle square is commutative. We 

z> m+ i o (a m Xai). Recall that 
— > P m flF m , we can see that 
Here a' m is the induced map from the 



o v, 



show the equation (a m xai V Hg m *gi) 
the construction of the structure map cr r< 

a m = V PmQFm O (a' m V L^-lm ° <U ° V n 

following diagram; 



771,1 
m+1 



E m VlF„ 



m — 1 ,m 



Fm-l 

P ra_1 Of F on- i 



F m - 1 QF„ 



m— l,m 



P m VtF„ 



and 5 m : E-ftT m — > P m fiP m is the map pulled back the difference map S' m 
T>K m — > F m which is the difference between the identity map of F m and e^oaj 
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So we have the equation: 

{a m xa t V Y,g m *g x ) o v^li 

= {(Vpmfi Fm o (a' m V (tZ F -i,m ° S m)) o v m )xai V Zg m * gi } o z/™;\ 
= {(V pm n Fro xid snFl ) o ((a' m V (S jm o 5 TO ))xai) 

o (u m xid Fl ) V E# m *#i} o v^'li 
= (V P ™ n F m xid snFl Vid s ^ m+i ) 

o ((u m xid Fl ) V icW-m) o 
= (Vprnn^xidsMM-! Vid S £ m+i ) 

o {(o^Xtri) U ((G im o 6 m )x<Ti) V Sflr m *</i} 

o ((z/ m xid Fl ) V id EA .m,i ) O V™'^ 
= (V P m nFm xid S Q Fl Vid Sj g m+i ) 

o T 2 o {(^x ffl V Zg m * 9l ) U ((ft m o 5 m )xa 1 )} 

o Ti o ((z/ m xid Fl ) V ids^) o z/™;\, 

where T 2 : (F m +i V £-E m+ i) Ueqpj F m+i — > [F m+ i U^n Fl -fm+i) V S-E m+ i is 
canonical homeomorphism. By Lemma 14.21 we can proceed as follows: 

(o- m xo-i V T l g m *gi) o z/^\ 

= (VpmQF m xid S n Fl V id E £ m+i ) 

o^oKx^v Eg m *gi) u ((tS-Tm °*m)xffi)} 
° Omi u We^xfJ o (z/ m xid Fl ) 
= (V pmQFm xid SCFl V id s ^ m+i ) o T 2 

° {((<4x<7i V £<? m *<7i) o z,™;\) u ((4^ m o 5 m )xa 1 )} 
o (i/ m xid Fl ). 

By the definitions of a' m and o"i, we have 

(a m xcri V £# TO *#i) o z/™^\ 

= (Vpmfii^xidsnFi V id E ^ m+i ) o T 2 

o {(i> m+ i o (tr^xtri)) U ((S, m o 5 m )xa!)} 

o (z/ m xid Fl ) 
= (V pm nP m xid E nP 1 V V s ^ m+i ) o T 3 

o {vrn+i o (tr^xtri) U ii o ((^-1,™ o 5 m )xa 1 )} 

o (z/ m xid Fl ). 
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Here %\ : F m+ \ — > F m+ i V ££/ m+ i is the inclusion map and T 3 : (F m+ i V 

S-Em+l) Ue^Fi (F m+ \ V E£/ m+ i) — > {F m+ i UsHFi -fm+l) V S_E m+ i V Si^m+i is 

the canonical homeomorphism. 

(cr TO X(7i V Hg m *gi) o i/™^ 

= (V P m ni P m xid snFl V V s ^ m+i ) o T 3 o (z> m+1 U z> m+ i) 

° {« t x^i) U ((4^i,m o 5 m )xa!)} o (z/ w xid Fl ) 

= ^m+l ° ( Vpm(]F m XldsCFi) 

° {K„x^i) u ((S, m oUx^jo (i/ m xid Fl ) 

= v m+ i o ( Vpm S]Fm xidsfiFi) 

° V (ft, ro o 5 m ))x(T 1 } o (z/ m xid Fl ) 
= v m +i o {V P m nFm o (o-^ V (i"-V o <5 m )) O ^XffJ 
= ^m+1 ° KX(7i), 

This completes the proof. □ 



5. Proof of Theorem 11.41 

In the fibre sequence G <— >• E — > SA, by the James- Whitehead decomposition 
(see Theorem VII. (1.15) of Whitehead [Hj), the total space E has the homotopy 
type of the space G U^, GxCVL Here ^ is the following composition: 

^ : GxA GxG ^ G. 

Since G ~ F m and a is compressible into F{, we can see that 

i> : GxA ~ F m xA F m xF[ c F m xFi c F m xF m ~ GxG A G ~ F m 

and is the homotopy push out of the following sequence: 



■m • 



We construct spaces and maps such that the homotopy push out of these maps 
dominates E. 

The condition of Hi(a) = implies that 

(5.1) £ ad(ot) = a 1 \ F{ o a : A -> F{ -> Efii^. 

We denote //jj : FiXFj — > F m by the restriction of /i : GxG — > G to FiXFj C 
F m xF m ~ GxG for z, j < m. Then 
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Lemma 5.1. the following diagram is commutative: 



pri 



F m xA 



F m xF 1 



'm,m+r"™ 



P m+1 VLF„ 



(P m ftF m )Wx(£04) 



x 



m+1 



pri 



P m+1 QF, 

F m xA * F m xF 1 > F, 

■ QFm ^Worw, and \r\ „ w« v fyi.Orv^) 



m+1 

(eS")Wx(ef 1 )W 



i/ere the map and % are (i m ,m+i) ° P r i ari <^ ^(P m nj' TO )(') x(Efia)^, respec- 
tively. 

Proof. It is obvious that the top left square is commutative. By the equation 
e^ m = e^oij 7 ™^, the bottom left square is commutative. The commutativity 

of the bottom middle square follows from the equation a o ef = ef 1 o P l Vta = 
ef 1 o Efia. By the equation (15. lft . we have the commutative diagram: 



F m xA 



idp m xa 



F m xF{ 



id Fm xi' 



F m xF 1 



a m xS ad(a) 



P m QF m x EfL4 



xESJc 



0"m X(J1 „/ 



P m QF m xmF[ 



id P m nFm xSCi' 



m+1; 



where cr^ is the evaluation map and i' is the inclusion map. Thus, the top middle 
square is commutative. Since a m and o\ satisfy the condition (2) of Proposition 
E31 we have e^ m o a m = id Fm , ef 1 o <j x = id Fl and e^ +1 o i^ F ™ +1 o a m = e^ m o <j m = 
idi? m . Therefore the right rectangular is commutative, too. □ 

Lemma 5.2. In the diagram of Lemma \5.1\ there is a map fx : F m+ i — > 
P m+1 f2F m snc/i i/iai t/ie n'<?M rectangular diagram is commutative. 

Proof. First, we construct a map : — > P k QF m . Let a cone-decomposition 
of F m xFi be ( 13.21) . a cone-decomposition of F TO +i be ( 13.31) and a fc-filter of F m 
be F m for all fc. Let us consider that the restriction of (e m m ) W x(ef 1 )^ on F k is 

(e^) w x{*} U (efc^Wx^W : F fc - F m xF 1; 

then the map /x m)1 o {(e£™)^ x (ef 1 )^} : F m+1 — > FmXFx — ► F m is a filtered 
map. Applying this filtered map to Proposition 12.31 we obtain the map 

for < k < m + 1 . 

Second, for < k < m, we assert that the equation of maps 



(5.2) 



,QF„ 



m,l XIF„ 



«m,m+l ° <Tm ° Mfe = fcm+l ° A* ° J* ° °k ■ F k 



m,l 



P m+1 QF n 



where /i™' = /i M U ^fc_i,i : F™' = F k x {*} U xF x -> F m , 

a fc = a k x{*} U (TuXtT! : F^ 1 - (P^)Wx{*} U (P fe - 1 QF fe _ 1 )Wx(EOF 1 ) 
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and j t = (P^< m -i) ( M*} U (P*- 1 nzf_ 1)m _ 1 ))Wxid (EnFl)W for 1 < t < m - 1 
and j m = idp m . Note that this condition is natural to cone-decompositions. 
This is proved by induction on k. The case k = is clear, since both maps are 
constant maps. Assume the kth of (15. 2p . Let us consider the cofibre sequence 



m,l fe+l T?m,l k 



Fk+l- Since <7j satisfy the condition (1) of Proposition 



K 

the following diagram is commutative 



r iu i,i+l 



p i m+i 



F; 



+1 



p i+1 m + i 



r m i+l,m-l 



pi+lQjF 

r 5 "i + l,m-l 



P l QK 



m—l 



for 1 < % < m — 1. So we have jk+i ° &k+i ° = ik ° jfc ° <5"fc- By the condition 
(1) of Proposition 12.31 of fak+i, we obtain /4+i oi k = o /i^. Thus we have the 
equation 



•m,l*/ HF, 



,QF„ 



fc+i" m ° /J-fc+1 O O (Tfe+lj = i fc+l m O /i fc+1 O J fe+1 O CTfc+l 



o z. 



■m,l 



Wl'm ° ol k°3k°<?k 



,nF„ 



~ "k,m ~Vk°3k°(Jk- 

By the induction hypothesis, we proceed further as follows: 



■m,l*/QF n 



m,l -m,l 



h K L k+T,m ° Vk+i o Jfe+i o a k ) = a m o ^ o % k 



f^k+1 



By Theorem B. 10 of [2], there exists a map 4+i : £^r+i pmfii? m such that 
(5.3) a m o = V P ^ Fm o (tjjf£ m o o j fc+1 o V <J fc+1 ) o 
By the condition (2) of Proposition 12.31 of ftk+i, we have the equation 



e m m ° L k+T,m ° /Wl = e k+l ° /Wl = /' 

By the commutative diagram 



Fi — ^ (P*nPi)W ^ (™F m _ a ; 



W — F, 





m— 1 



for z = fc, + 1 < m — 1 and by the maps a m o (e^ m )^ and j m are equal to 
identity maps up to homotopy, we have the equation 

{(e5r) W xM U (e^)Wx(ef )«>} o j k+1 o a fe+1 = i^. 
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Thus we obtain 

pFrr 

and 



O I 



QF, 



m,l 



m,l 



k+ l,m ° ° Jfc+1 ° °k+l = Mm,l Z fc +! = /i fc ^ 



-Fm "1,1 



e^ m o V P m(jF m o (4+r m o /ife+i o j fe+1 o (T fe+1 V o 



Vf,„ o (e£" o ijj^j* o /} fc+1 o o a k+1 V e^ m o 5 k+1 ) o ^ 



o 



(e m ° o /x^ V e m m o 8 k+1 ) o i/ fc ^. 



m,l 



Using Theorem 2.7 (1) of [9] and the multiplication /i on G ~ F m , the map 

m,l 



e£ m o 5k+i : £-^£+1 — > F m is null-homotopic. Using the following exact sequence 



fm+1 „ 



- /,. + | . mj ' P m fiF m ] % F m ]. 

By the equation e^ m o <5 fc+1 = 0, there exists a map <%. +1 : YiK™l x —> E m+1 VtF n 



such that 5 



25?o<% +1 . Since E m+1 nF m p m nF n 



m,m + l 



P m+1 ttF„ 



is the cofibre sequence, we have 4nm+i ° <Wi = 4nm+i ° Pm+i ° ^fc+i = an d 



J}F„ 



! O V 



P m QF„, 



m,l 
fe+1 



m,l 



Vpm+inF m ° (4?+™m+l ° /Wi ° Jk+1 ° Ofc+l V o 5 k+1 ) o i/^ 



Vpm+inF m ° (C™m+i ° /Wi ° jk+i ° ^fc+i V 0) o z/^ii 



m.l 



,QF„ 



i k+ l m+ l O /ifc+i O O (Jfc+i. 



From the equation (15. 3p . we obtain 



m,l 



^m,m+l^m ° H k +1 = L k+l,m+l ° ° ^+1 ° 

Therefore we hold the statement by induction. 

Finally, we construct a map ft : F m+ i — > P m+1 QF m . Let us consider the exact 
sequence: 

■ m,l* 



P m+1 QF n 



By the fact that the following diagrams are commutative: 



m,l 



>m+l 



Pm-1 



m— l.m 



P m QF n 



Fm+l 



m— l.m 



we have 



P m-1 Oj F 

" 5 "m-l,K 



and 



p m ~ l vtF m P m nF m -^p m+1 nF n 



■m,l 



fi m+1 o (a m xaij o « m+1 = /i m+1 oj m oa m 



*mfm+l ° Am ° 
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-1 ° &m ° M 



m,l 



Hence there is a map 5 m .fi : 

SiCi -> P m+1 nF m such that 



S7F m -m,l 
L m,m+1 ° °"m ° Z 1 ™.,! ° Wl' 

)m+lr 



(5.4) i mi m+l °°m° A*m,l = Vpm+l fii?m O (/i m+1 O (cr m XCTi) V <5 m+ i) O 1/™^ . 

To continue calculating, we consider the map e : E m +i — ► induced 
from the bottom left square of the following commutative diagram: 



pm,i 





-m,l 


1 












m 






■m, 1 


i 





EiTO.1 
- 1 m+1 



C"m XO"l 



EAT 1 " 1 

I 



(e5")("x(^)W I 



Sir 



m+l 



where the map e m : F m -> F™' 1 is (e^)^x{*} U (eSr 1 1 ) w x(ef)W. Since 
e m o a m and (e^ m )^x(ef 1 )^ o cr m xo"i are homotopic to the identity maps, e o 
T,g m *gi is homotopic to the identity map of T,K™ +1 . Then the equation (15.41) is 
as follows: 



u m,m+l ^ u m 



O <J m O 



Mm,l = Vp«+lfif m O (/i m+1 O (<7 m X0i) V S m+1 ) O V™^ 



Vpm+i nFm O (/2 m+ i O (o- m X(7l) V 5 m+ i O e O E# m *#i) O 1/™^ 



Vpm+iQ Fm o (/t m+ i V 5 m+ i o e) o ((cr m xcri) V E^*^) o z/™v\ 



By Lemma 14.11 we proceed further: 

= Vpm+ifiF m o (/t m+ i V 5 m+1 o e) o z> m+1 o (o- m xai). 

Therefore we adopt Vpm+i^ o (jj lm+1 VS m+ ioe)oP m+1 as /2. Then we obtain the 
top square is commutative. And we prove that the bottom square is commutative 
as follows. By the same argument of the proof of e^ m o <5 fc = for 1 < k < m, 
we have the equation e m ^_ 1 o 5 m+ i = 0. Thus we obtain 

e m+l ° A = e m+l ° Vp m +l!JP m O (/t m+1 V 5 m+1 O e) O Z> m+1 

= V Fm o (e^.j o fi m+1 V e^.! o 5 m+1 o e) o m+1 
= Vp m o (e^ +1 o /i m+1 V 0) o z> m+1 

~~ e m+l u Pm+1 

and by the condition (2) of Proposition 12.31 of fi m +i, we obtain 



oA = /i m ,io{(e^)Wx(ef 1 )W}. 



□ 
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Thus we have the following commutative diagram: 
(5.5) 



pri 



F m xA 



F m xF 1 



F 

± rr 



cr m Xai 



P m+1 QF m ^— - (P m fiF m )Wx(SOA) 



i nFm OCT 



m+1 



P m+l VtF„ 



-m+1 



F m xA 



(eS»)Wx(e^)(0 
lxa 



(e^)Wx(cfi)W 



^ F m xFi 



We construct a cone- decomposition of (P m QF m )^ x (EQA)^ of length m + 1: 

{#*^-i^#|1<*<™ + 1}, 

by replacing Fi with A in the construction of the cone- decomposition of (P m QF m )^ x (EfiFi) w . 
We adopt cofibration sequences 



P k VlF m \ 1 < fc < m + 1} 



as a cone-decomposition of P m+1 QF m of length m + 1. Let D be a homotopy 
pushout of °Pn and /t o (id (pmnFm)W x (EQa)W): 



(P m OF m )Wx(EQi)W 
P m+1 QF m 



P m+1 ttF„ 



D. 

ClF m 
m,m+l / 



opn. We construct 



Here /"> = /to (id (pmQFm)W x (EQa)W) and = (i, 
a cone-decomposition of D as follows. By the equation /t o i m — Vpm+i^ Fm o 
(/t m+ i V 5 m+ i o e) o z> m+1 o i m = /t m+ i o i m , we can consider that the restriction of 

/t on Ffc is /tfc and /"* is a filtered map. Since E' k — ^ fc ~ 1 > -f^ is the cofibre 

sequence, we have 



4-x (n^ ° = ef m o c Q k % o o w' k 



Using the fibre sequence E QF, 



kr>T? p 1 — > p k ^QF m 



F m , there exists a map 



: — > E k QF m such that the commutativity of the following diagram: 



(5.6) 



^-1 



'fc-i 
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Since f*~ is composition of the projection and the inclusion, it is clear that 
there exists a map gjr : E' k — > E k QF m satisfy that the following diagram is 
commutative: 



(5.7) 



k 

at 



SIF„ 
Pk 



F' 

r k-i 



nF ra 

L k-l,k 



F' 
r k 



r-\& 



p h nF m . 



Let E[ be a homotopy pushout of and gjr, and F[ be a homotopy pushout 
of f~* \p, and /*" 1 6/ , then using diagrams (15.61) and ( 15.7ft and using the universal 

A: A: 

property of the homotopy pushout, we have the following diagram such that the 



front column E k 



K-i 



F[ is a cofibration: 



E k VtF, 



P k ~ l QF, 



P k {lF, 




E k QF m 








Pk 


pk-1 


QF m 




.SlFm 




b k-l,k 


pk-1 


QF m 



Thus we obtain a cone-decomposition of D of length m + 1: 

Therefore we have the inequalities 

cat(D) < Cat(D) < m + 1. 

Recall the horizontal top and bottom lines of the diagram (15.51) . The homotopy 
pushout of these lines are G GxCA. Since dimensions of F m , Fi and A 
are less than or equal to /, all composition of columns in the diagram ( 15. 51) 
are homotopic to identity maps. By the universal property of the homotopy 
pushout, we obtain a composite map D — > G U^, GxCA ~ E — > D which is 
homotopic to the identity map. Thus D dominates E and we have 



cat(.E) < cat(D) < Cat(D) < m + 1. 
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6. Application of Theorem 11.41 

We want to determine the L-S category of SO (10) by applying the principal 
bundle p : SO(10) — > S 9 to Theorem 11.41 First, we estimate the lower bound 
of cat(SO(10)). For the field k of characteristic 2, the ring structure of the 
cohomology of SO (10) is 

fT(SO(10); k) = P k [xi, x 3 , x 5 , x 7 , x 9 }/ (xf , xj, x\, x%, x\), 

where degXj = 1. Hence, we have 

21 < cup(SO(10);A;) < cat(SO(10)). 

Next, we estimate the upper bound by using Theorem 11.41 We consider the 
cone-decomposition of SO (9). The cone-decomposition of Spin(7) is given by 
Iwase, Mimura and Nishimoto[7j. We denote this cone-decomposition by the 
following: 

* C F[ = SCP 3 C F' 2 C C F[ C F' 5 ~ Spin(7). 

By Iwase, Mimura and Nishimoto [5], we can write the cone-decomposition of 
length 20 

{Ki -^Fi-i^Fi | 1 < i < 20, F = {*} and F 20 = SO(9)} 

by using the filtration F[ and principal bundle Spin(7) "—>■ SO(9) — > MP 15 . We 
find that the first filter F\ is the space SCP 3 V S 1 . We consider the bundle 
p : SO(10) — > S 9 and p' : SU(5) — > S 9 , and the following diagram: 

SCP 3C SU(4)c SO(9) 




Here a : S s — > SO(9) is a characteristic map of the bundle p : SO(10) — ► S 9 . By 
Steenrod [13], is homotopic to the characteristic map a' : S 8 — * SU(4) in SO(9). 
Also, by Yokota [15], the suspension of the covering map £73 : S s — > SCP 3 which 
provide a cellular decomposition of the complex projective space correspond with 
the characteristic map a'. Therefore the characteristic map a is compressible 
into SCP 3 C F 1 and H x (a) = G 7r 8 (fi£CP 3 *lffiCP 3 ). Hence we obtain 

Theorem 6.1. cat(SO(10)) = 21. 
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